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Figure 2: A skeleton demonstrating the connection between various uncertainty calculi. “A → B”
means A generalises B, meaning that B is a specific instance of A. The figure is adopted from
Destercke et al. [130] and Hüllermeier and Waegeman [4]. Most of these frameworks generalise
classical probability theory. In the main text, we have discussed capacities, lower and upper
probabilities, and standard probabilities in detail, with a brief mention of 2-monotone capacities.
Additional discussion of credal sets and belief functions is provided in Appendix A. We do not
elaborate on the methods shown in grey; for those, we refer readers to existing surveys and review
articles.

A Some more introduction to Imprecise Probabilistic Machine Learning1166

(IPML)1167

In the main text, we demonstrate the theoretical appeal and practical utility of IIPM primarily through1168

capacities and lower probabilities. While these models are already quite general, we complement this1169

focus by discussing two other mainstream approaches in IPML—credal sets and belief functions—that,1170

although mathematically related, are conceptually motivated in distinct ways. As illustrated in the1171

hierarchy in Figure 2, these models are closely connected to the core ideas of the paper and further1172

support the relevance and broad applicability of the proposed IIPM and MMI framework.1173

A.1 What is Imprecise Probabilistic Machine Learning actually doing?1174

At its core, probabilistic machine learning seeks to construct mathematical models that, through1175

data-driven learning procedures, capture underlying physical or real-world phenomena. For instance,1176

in generative modelling, the objective is to learn the marginal probability distribution that governs the1177

data-generating process. In predictive tasks, instead, the goal is to estimate the conditional distribution1178

of a target variable Y given an input x—or its expectation in the case of regression. We often refer to1179

these kinds of natural variation and randomness as aleatoric uncertainty.1180

Imprecise probabilistic machine learning (IPML) extends this foundation by moving beyond the1181

exclusive use of precise probability models. While classical probability excels at modelling aleatoric1182

uncertainty, IPML incorporates imprecise probability models to account not only for inherent ran-1183

domness but also for epistemic uncertainty—allowing ambiguity, partial knowledge, and doubt to1184

be explicitly represented within the model. For readers interested in deeper treatments on IP, we1185

recommend Cuzzolin [9] for a comprehensive introduction, Hüllermeier and Waegeman [4, Appendix1186

A], for a concise overview, and Caprio et al. [45, Appendix A], for a discussion on why we should1187

care about imprecision.1188

In the following, we provide an overview of two other mainstream modelling approaches in IPML:1189

credal set and belief function approaches. We outline the motivations behind these methods and1190

provide some examples of how they are integrated into ML to improve uncertainty quantification and1191

predictive performance.1192
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A.2 Credal sets and their use in IPML1193

Credal sets sit at the top of the hierarchy shown in Figure 2, making them one of the most general1194

constructs in imprecise probability. Many other models can be seen as special cases of credal sets1195

endowed with additional structure. Consequently, there are numerous ways to construct a credal set,1196

depending on the modelling assumptions and information available.1197

Credal sets are generally understood as some convex set of probability measures C ⊂ P(X ). Convex-1198

ity can be justified in different ways. In Quasi-Bayesian decision theory [131], it can be shown that1199

rationality axioms proposed for partial binary preference naturally leads to a convex set of probability1200

measures, akin to how Savage [132] showed rational binary preference leads to the existence of1201

a unique single probability distribution (paired along with an utility function). Alternatively, in1202

formal epistemology, Williamson [133] put forward the notion of Chance Calibration, which is also1203

closely related to Lewis [7]’s Principal Principle, which puts into the words of a statistician means,1204

when, according to the current observations, the actual distribution of interest encoding physical1205

phenomena lies within some set {P1, . . . , Pm} of distributions, but the modeller is indifferent as to1206

which distribution, then rationally, the modeller’s belief, also represented as a distribution, should lie1207

within ConvexHull({P1, . . . , Pm}). This means any distribution in the convex hull is considered a1208

rational belief, thus, the set itself captures the set of rational beliefs, encompassing our imprecision.1209

In IPML, credal sets are often used to represent either1210

1. Dataset/Distribution-level uncertainty, or1211

2. Predictive uncertainty.1212

Case 1. In the first case, examples include distributionally robust optimisation[134], where a learning1213

algorithm is optimised against the worst-case empirical risk over a credal set—a set of distributions1214

within an ϵ-distance from the observed empirical distribution. In the out-of-domain generalisation1215

literature, given observations from multiple source distributions P1, . . . ,Pm, it is commonly assumed1216

that the test-time distribution lies within their convex hull [135, 136], which effectively forms a credal1217

set. Singh et al. [14] made this connection explicit and proposed an algorithm that allows the test-time1218

ambiguity to be resolved without additional training. Caprio et al. [47] developed a learning-theoretic1219

framework for supervised learning under credal sets, while Chau et al. [15] introduced a hypothesis1220

testing procedure for statistically comparing credal sets.1221

Case 2. In the second case, credal sets are used to model epistemic uncertainty in prediction. In1222

credal Bayesian deep learning (CBDL) [45], finitely generated credal sets over priors and likelihoods1223

are combined, by considering all combinatorial applications of Bayes’ rule, to yield a posterior1224

credal set. Wang et al. [80] introduced credal-set interval neural networks, which predict credal sets1225

from probability intervals derived from deterministic interval neural network outputs. Similarly, for1226

classification tasks, Wang et al. [137] proposed defining a predictive credal set as the collection of1227

probability vectors within the simplex that satisfy lower and upper bounds on class probabilities,1228

derived from a set of probabilistic predictors.1229

A.3 Belief function/random set and their use in IPML1230

Moving down the hierarchy—and skipping lower probabilities and 2-monotone capacities, which are1231

already discussed in the main paper—we briefly describe the roles of random set theory and belief1232

functions.1233

We focus on finite instance spaces X , where random set theory and belief functions coincide. Our1234

exposition follows the terminology of Shafer’s seminal work on The Theory of Evidence [23] and1235

the overview in Cuzzolin [138, Chapter 2.2]. The core philosophy behind belief function theory1236

is its emphasis on representing degrees of support—capturing epistemic uncertainty—rather than1237

specifying how these values are generated, which relates more to aleatoric uncertainty. Perhaps more1238

importantly are the tools developed to combine multiple evidence in a coherent manner.1239

So, how are belief functions defined? We first introduce a fundamental concept, called basic1240

probability assignments. Let X be finite.1241
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Definition 22. A basic probability assignment over X is a set function m : 2X → [0, 1] such that1242

m(∅) = 0,
∑
A⊆X

m(A) = 1.

The subsets that have non-zero mass are known as the focal elements within 2X . Basic probability1243

assignment happens in practice when, e.g., sensors have limited precision and can only give results of1244

the type “A or B” [139].1245

Given a mass function m, which intuitively represents the degree of belief that the true outcome lies1246

exactly within the subset A ∈ 2X , m(A) quantifies the support assigned to the set A and no more1247

specific subset. From here, we can derive the belief function.1248

Definition 23. The belief function associated with a basic probability assignment m : 2X → [0, 1] is1249

the set function Bel : 2X → [0, 1] defined as,1250

Bel(A) =
∑
B⊆A

m(B).

Its conjugate, known as the plausibility function Pl, measures the amount of evidence not against an1251

event A by measuring the following,1252

Pl(A) = 1− Bel(Ac).

The theory of evidence is rich and conceptually deep, and a full treatment lies beyond the scope1253

of this appendix. However, the context provided should suffice to understand a recent integration1254

of belief functions into machine learning. Specifically, Manchingal et al. [140] introduced a new1255

class of neural networks, called Random-Set Neural Networks (RS-NNs), for K-class classification.1256

Instead of producing a probability vector with K outputs—as in standard classifiers—RS-NNs are1257

designed to output a basic probability assignment over the K classes, requiring 2K output nodes to1258

represent belief mass on all subsets of classes. Since this is computationally infeasible for large K, a1259

preprocessing step is introduced to select a subset of focal elements, including the original singleton1260

classes and additional relevant subsets. Given the resulting mass function, belief and plausibility1261

functions can then be derived for prediction and uncertainty quantification. This principle is further1262

extended to convolutional neural networks in Manchingal et al. [78]. As perhaps the first of its kind,1263

this random set-based learning paradigm has also been recently adapted to large language models in1264

Mubashar et al. [141], offering an explicit mechanism for modelling epistemic uncertainty in LLMs.1265

B Proofs and derivations1266

This section presents the proofs and derivation in the main text.1267

B.1 Proof of Lemma 51268

Lemma 5. For lower probability P associated to credal set C, we have c
∫
fdP ≤ infP∈C

∫
fdP for1269

any f ∈ Cb(X ). When P is 2-monotonic, the inequality becomes an equality.1270

Proof. Let P be the lower probability associated to the credal set C. For f ∈ Cb(X ), we can write1271

the Choquet integral as,1272

c

∫
fdP = f +

∫ f

f

P ({f ≥ t})dt

= f +

∫ f

f

inf
P∈C

P ({f ≥ t})dt

≤ f + inf
P∈C

∫ f

f

P ({f ≥ t})dt

= inf
P∈C

∫
fdP.

For 2-monotone P , the results follow from Delbaen [142, Lemma 2].1273
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B.2 Proof of Theorem 61274

Theorem 6. Let (X , d) be a metric space. For any capacities ν, µ ∈ V(X ), we have c
∫
fdν = c

∫
fdµ1275

for all f ∈ Cb(X ), if and only if ν = µ.1276

Proof. ( =⇒ ) Let U be any open set in X and F the complement. Consider the distance d(x, F ) =1277

miny∈F d(x, y). For n = 1, 2, . . . , let fn(x) = min(1, nd(x, F )). Then, supx∈S |fn − f | → 0,1278

where f = 1U is the indicating function. Now, as Choquet integration is continuous with respect to1279

the topology of uniform convergence [19, Proposition C.5(ix)], we have1280

lim
n→∞

c

∫
fndν = c

∫
1Udν = c

∫
1Udµ.

This implies ν(U) = µ(U). Now, since (X , d) is a metric space, for any A ∈ ΣX , we can find an1281

increasing sequence of open subsets A1 ⊆ A2, . . . such that An ↑ A. Since ν, µ are continuous from1282

below, we have limn→∞ ν(An) = ν(A), but since for any open set ν(An) = µ(An), we conclude1283

ν(A) = µ(A), thus ν = µ.1284

( ⇐= ) If ν = µ, then it is trivial to see c
∫
fdν = c

∫
fµ for any f ∈ Cb(S).1285

B.3 Proof of Corollary 81286

Corollary 8. For any P,Q ∈ P(X ) and F ⊆ Cb(X ), IIPMF (P,Q) = IPMF (P,Q).1287

Proof. For any P,Q ∈ P(X ) and F ⊆ Cb(X ), we have1288

IIPMF (P,Q) = sup
f∈F

{∣∣∣∣ c∫ fdP − c

∫
fdQ

∣∣∣∣}
= sup

f∈F

{∣∣∣∣∫ fdP −
∫

fdQ

∣∣∣∣}
= IPMF (P,Q),

since the Choquet integral for additive probability is the Lebesgue integral.1289

B.4 Proof of Proposition 91290

Proposition 9. For any F ⊆ Cb(X ), IIPMF is a pseudometric on V(X ); it is non-negative,1291

symmetric, and satisfies the triangle inequality.1292

Proof. To prove it is a pseudometric, we need non-negativity, symmetry, and to show triangle1293

inequality.1294

• Non-negative: It is obvious that IIPMF (ν1, ν2) ≥ 0 for any pair of ν1, ν2 ∈ V (X )1295

• Symmetric: Symmetry is also apparent.1296

• Triangle inequality: Pick ν1, ν2, ν3 from V (X ), then1297

IIPMF (ν1, ν2) = sup
f∈F

∣∣∣∣ c∫ fdν1 − c

∫
fdν2

∣∣∣∣
= sup

f∈F

∣∣∣∣ c∫ fdν1 − c

∫
fdν3 + c

∫
fdν3 − c

∫
fdν2

∣∣∣∣
≤ sup

f∈F

∣∣∣∣ c∫ fdν1 − c

∫
fdν3

∣∣∣∣+ sup
f∈F

∣∣∣∣ c∫ fdν3 − c

∫
fdν2

∣∣∣∣
= IIPMF (ν1, ν3) + IIPMF (ν3, ν2).

This concludes the proof. We note that in some literature, pseudometric also requires IIPMF (ν, ν) =1298

0, and this also trivially holds in our case.1299
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B.5 Proof of Theorem 101300

Theorem 10. Let F ⊆ Cb(X ) be dense in Cb(X ) with respect to the ∥ · ∥∞ norm. Then, IIPMF1301

metrises the Choquet weak convergence of V(X ).1302

Proof. To show that IIPMF metrises the Choquet weak convergence of V(X ), we need to show for1303

νn, ν ∈ V(X ), whenever IIPMF (νn, ν) → 0 then νn converges to ν in the Choquet weak sense.1304

Now pick f ∈ Cb(X ), since by assumption F is dense in Cb(X ), there exists g ∈ F satisfying1305

∥f − g∥∞ < ϵ. By assumption, IIPMF (νn, ν) → 0 means | c
∫
gdνn − c

∫
gdν| → 0 since g ∈ F .1306

Thus, we have the bound1307 ∣∣∣∣ c∫ fdνn − c

∫
fdν

∣∣∣∣ ≤ ∣∣∣∣ c∫ fdνn − c

∫
gdνn

∣∣∣∣+ ∣∣∣∣ c∫ gdνn − c

∫
gdν

∣∣∣∣+ ∣∣∣∣ c∫ gdν − c

∫
fdν

∣∣∣∣
≤ 2ϵ

for all f ∈ Cb(X ) and ϵ > 0, which implies νn converges to ν in the Choquet weak sense.1308

Proving the other direction is a direct application of the result from Theorem 6 since F ⊆ Cb(X ).1309

B.6 Proof of Proposition 121310

Proposition 12. The Lower Dudley metric metrises Choquet weak convergence on P(X ).1311

Proof. The core idea is to show that Fd is dense in Cb(X ) and then to apply Theorem 10.1312

To show denseness, pick any f ∈ Cb(X ), consider the sequence

fn(x) = inf
y∈X

{f(y) + nd(x, y)}.

Pick α > 0 such that |f(x)| ≤ α for all x ∈ X , thus |f(x)− f(y)| ≤ |f(x)|+ |f(y)| ≤ α for any1313

x, y ∈ X . It’s clear that −α ≤ fn ≤ f is bounded and n−Lipschitz continuous. Now we prove1314

fn → f uniformly. Fix ϵ > 0, there is δ > 0 such that d(x, y) < δ implies |f(x)− f(y)| < ϵ since1315

f is continuous. Then for all x ∈ X , we have1316

0 ≤ f(x)− fn(x) = f(x)− inf
y∈X

{f(y) + nd(x, y)}

= sup
y∈X

{f(x)− f(y)− nd(x, y)}

= sup
y∈X ,d(x,y)≤2α/n

{f(x)− f(y)− nd(x, y)}.

If n is such that 2α
n < δ, then1317

f(x)− fn(x) ≤ sup{ϵ− nd(x, y) | y ∈ X s.t. d(x, y) ≤ 2α/n} ≤ ϵ

which follows that ∥f − fn∥ ≤ ϵ, meaning Fd is dense in Cb(X ) in the uniform norm.1318

B.7 Proof of Remark 141319

Remark 14. Let X be finite. For any P,Q ∈ P(X ), we have IPMFTV
(P,Q) = supA∈ΣX

|P (A)−1320

Q(A)| =
∑

x∈X (P ({x})−Q({x})). In constrast, in the imprecise case, there exists P ,Q ∈ P(X )1321

such that IIPMFTV
(P ,Q) := supA∈ΣX

|P (A)−Q(A)| ≠
∑

x∈X
(
P ({x})−Q({x})

)
.1322

Proof. We provide an example based on Montes et al. [143, Example 4] for completeness. Consider1323

X = {x1, x2, x3} and lower probabilities P 1, P 2 given by1324

∅ {x1} {x2} {x3} {x1, x2} {x1, x3} {x2, x3} X
P 1 0 0 0 0 1/2 1/2 1/2 1
P 2 0 0 0 0 1/3 1/3 1/3 1

1325

Then, we know d1 = supA⊆X |P 1(A) − P 2(A)| = 1/6, whereas d2 =
∑

x∈X |P 1({x}) −1326

P 2({x})| = 0, therefore d1 ̸= d2.1327
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B.8 Proof of Lemma 151328

Lemma 15. Let Pϵ,P be an ϵ-contaminated model defined in Equation (2). Then, the associated1329

lower probability P ϵ is given by1330

P ϵ(A) = inf
P̃∈Pϵ,P

P̃ (A) =

{
(1− ϵ)P (A) for all A ∈ ΣX\{X}
1, for A = X

Proof. This lemma is proved in Walley [8, Section 2.9.2].1331

B.9 Proof of Theorem 161332

Theorem 16. Let FW := {f ∈ Cb(X ) : ∥f∥L ≤ 1} where ∥f∥L := supx,y∈X {|f(x)−f(y)|/c(x,y)},1333

and c the transportation cost in a restricted lower probability Kantorovich (RLPK) problem [53,1334

Definition 10]. Let P ϵ, Qϵ
be lower probabilities of the ϵ-contaminated models Pϵ,P and Pϵ,Q.1335

Then, IIPMFW
(P ,Q) coincides with the objective of the RLPK problem, and thus coincides with the1336

classical Kantorovich’s optimal transport problem involving P and Q.1337

Proof. Our goal is to show that IIPMFW
(P ϵ, Qϵ

) coincides with the objective of the restricted lower1338

probability Kantorovich problem. Note that we have,1339

IIPMFW
(P ϵ, Qϵ

) = sup
f∈FW

∣∣∣∣ c∫ fdP ϵ − c

∫
fdQ

ϵ

∣∣∣∣
= sup

f∈FW

∣∣∣∣∣
∫ f

f

[P ϵ({f ≥ t})−Q
ϵ
({f ≥ t})]dt

∣∣∣∣∣
(♡)
= sup

f∈FW

∣∣∣∣∣
∫ f

f

[P ϵ({f > t})−Q
ϵ
({f > t})]dt

∣∣∣∣∣
= sup

f∈FW

∣∣∣∣∣
∫ f

f

[(1− ϵ)P ({f > t})− (1− ϵ)Q({f > t})]dt

∣∣∣∣∣
(♣)

≤ (1− ϵ) sup
f∈FW

∣∣∣∣∫ fdP −
∫

fdQ

∣∣∣∣
(♠)
= (1− ϵ) inf

π∈Γ(P,Q)

∫
c(x, y)π(dx, dy)

where Γ(P,Q) is the set of joint probability with marginals being P and Q. We replaced the inequality1340

with strict inequality in ♡ as in Troffaes and De Cooman [19, Proposition C.3.ii]. In ♣ we used the1341

fact that Choquet integration returns the standard Lebesgue integral when the capacity is a probability1342

measure, and in ♠ we used Kantorovich-Rubinstein theorem [144, Lecture 3], which established the1343

duality between the Kantorovich problem and an IPM formulation using function class FW . This1344

recovered the result from Caprio [53] through the use of our IIPM framework.1345

B.10 Proof of Proposition 181346

Proposition 18. The definition of MMI is equivalent to1347

MMIF (P ) = sup
f∈F

∫ f

f

1−
(
P ({f < t}) + P ({f ≥ t})

)
dt (3)
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Proof. To show the result, it follows from the definition that1348

MMIF (P ) = sup
f∈F

{
c

∫
fdP − c

∫
fdP

}
= sup

f∈F

∫ f

f

[P ({f ≥ t})− P ({f ≥ t})]dt

= sup
f∈F

∫ f

f

[1− (P ({f < t}) + P ({f ≥ t}))] dt,

which completes the proof.1349

B.11 Proof of Proposition 191350

Proposition 19 (MMI on ϵ-contamination set.). Let P ϵ be the lower probability associated with Pϵ,P1351

and F ⊆ Cb(X ). Then MMIF (P ϵ) = ϵ
(
supf∈F supx,y∈X |f(x)− f(y)|

)
. For the LTV distance1352

with FTV := {1A : A ∈ ΣX }, we have MMIFTV
(P ϵ) = supA∈ΣX

{P ϵ(A)− P ϵ(A)} = ϵ.1353

Proof. First, it can be shown readily the upper probability model for an ϵ contamination set:1354

P (A) =

{
(1− ϵ)P (A) + ϵ for A ∈ ΣX \∅
0 for A = ∅ .

Next, we have1355

MMIF (P ϵ) = sup
f∈F

{
c

∫
fdP − c

∫
fdP

}
= sup

f∈F

∫ f

f

[P ({f ≥ t})− P ({f ≥ t})]dt

= sup
f∈F

∫ f

f

[ϵ+ (1− ϵ)P ({f > t})− (1− ϵ)P ({f > t})] dt

= sup
f∈F

∫ f

f

ϵ dt

= ϵ

(
sup
f∈F

[f − f ]

)
= ϵ

(
sup
f∈F

sup
x,y∈X

|f(x)− f(y)|

)
,

which shows the result. For FTV , it is straightforward to see that the maximum value the terms in the1356

bracket of the last equation can attain is 1. Therefore,1357

MMIFTV
(P ϵ) = ϵ.

This completes the proof.1358

B.12 Proof for Theorem 201359

To prove our uncertainty measure satisfies the axioms, we need the following useful lemma.1360

Lemma 24 (Marginalisation preserves 2-monotonicty.). If P is a 2-monotone capacity defined on1361

the joint measurable space (X × Y,ΣX × ΣY), and let P 1(·) = P (·,Y) be the marginal capacity1362

on (X ,ΣX ) and P 2(·) = P (X , ·) be the marginal capacity on (Y,ΣY), then P 1 and P 2 are also1363

2-monotone. Marginalisation also preserves 2-alternating.1364

Proof. Recall the definition of 2-monotonicty, for any A,B ∈ ΣX × ΣY , we have1365

P (A ∪B) + P (A ∩B) ≥ P (A) + P (B).
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Now pick A1, B1 ∈ ΣX , then consider,1366

P 1(A1 ∪B1) + P 1(A1 ∩B1) = P ((A1 ∪B1)× Y) + P ((A1 ∩B1)× Y)

= P ((A1 × Y) ∪ (B1 × Y)) + P ((A1 × Y) ∩ (B1 × Y))

≥ P (A1 × Y) + P (B1 × Y)

= P1(A1) + P 1(B1).

This shows that 2-monotonicity holds for P 1 and by symmetry, it also holds for P 2. Therefore,1367

marginalisation preserves 2-monotonicity. The steps to show marginalisation preserves 2-alternating1368

are analogous.1369

Theorem 20. For any F ⊆ Cb(X ), MMIF satisfies axioms A1-A4. If P is 2-monotonic and1370

with F = F12 defined above, then MMIF12 satisfies axioms A1-A5. For A5, the subadditivity1371

becomes MMIF12 ≤ MMIF1 +MMIF2 . If the notion of independence in A6 is taken to be strong1372

independence in the sense of Cozman [96], A6 also holds, and MMIF12 = MMIF1 +MMIF2 .1373

Proof. Axiom A1. Starting from Axiom A1 that MMIF is non-negative and bounded. First, recall1374

that lower probabilities are super-additive, meaning, for A,B ∈ ΣX with A ∩B = ∅, we have1375

P (A ∪B) ≥ P (A) + P (B).

Now let A = {f ≥ t} and B = {f < t}, then we have1376

1 ≥ P ({f ≥ t}) + P ({f < t}).

This means the integrand in Equation (3) is always non-negative, thus, MMIF is always non-negative.1377

To show boundedness, notice that,1378

|MMIF (P )| =

∣∣∣∣∣supf∈F

∫ f

f

[1− (P ({f ≥ t}) + P ({f < t}))]

∣∣∣∣∣
≤ sup

f∈F

∫ f

f

|1− (P ({f ≥ t}) + P ({f < t}))| dt

≤ sup
f∈F

∫ f

f

1dt

= sup
f∈F

sup
x,y∈X

|f(x)− f(y)|

≤ 2 sup
f∈F

sup
x∈X

|f(x)|.

As f ∈ Cb(X ), by definition, it is a bounded function, thus supf∈F supx∈X |f(x)| is bounded.1379

Axiom A2. For continuity, our goal is to show that given a sequence of lower probabilities Pn
converges to P in the Choquet weak convergence sense, then MMIF (Pn) → MMIF (P ). Pick
ϵ > 0, we know there exists nϵ ∈ N such that for all n > nϵ,∣∣∣∣ c∫ fdPn − c

∫
fdP

∣∣∣∣ < ϵ

for all f ∈ Cb(X ). An immediate result that follows from Troffaes and De Cooman [19, Proposition1380

C.5.iv] for upper probabilities is,1381 ∣∣∣∣ c∫ fdPn − c

∫
fdP

∣∣∣∣ = ∣∣∣∣ c∫ −fdPn − c

∫
−fdP

∣∣∣∣ < ϵ
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since −f ∈ Cb(X ). Now with this n, we know1382

|MMIF (Pn)−MMIF (P )|

=

∣∣∣∣∣supf∈F
{ c

∫
fdPn − c

∫
fdPn} − sup

g∈F
{ c

∫
gdP − c

∫
gdP}

∣∣∣∣∣
=

∣∣∣∣∣supf∈F
{ c

∫
fdPn − c

∫
fdP + c

∫
fdP − c

∫
fdP + c

∫
fdP − c

∫
fdPn} − sup

g∈F
{ c

∫
gdP − c

∫
gdP}

∣∣∣∣∣
≤

∣∣∣∣∣supf∈F
{ c

∫
fdPn − c

∫
fdP}+ sup

f∈F
{ c

∫
fdP ϵ − c

∫
fdP}+ sup

g∈F
{ c

∫
gdP − c

∫
gdP} − sup

g∈F
{ c

∫
gdP − c

∫
gdP}

∣∣∣∣∣
≤ sup

f∈F
{| c
∫

fdPn − c

∫
fdP |+ sup

f∈F
{| c
∫

fdPn − c

∫
fdP |} < 2ϵ.

Thus, we have proven continuity of MMIF .1383

Axiom A3. To prove monotonicity, notice if P is setwise dominated by Q, then we have for any t1384

and any f ∈ F ,1385

P ({f ≥ t}) + P ({f < t}) ≤ Q({f ≥ t}) +Q({f < t})
=⇒ 1− (P ({f ≥ t}) + P ({f < t})) ≥ 1− (Q({f ≥ t}) +Q({f < t})).

Since the integrand of one integral is always at least as large as the other one, by Troffaes and1386

De Cooman [19, Proposition C.5.vi], we have1387 ∫ f

f

1− (P ({f ≥ t}) + P ({f < t}))dt ≥
∫ f

f

1− (Q({f ≥ t}) +Q({f < t}))dt

=⇒ MMIF (P ) ≥ MMIF (Q).

Axiom A4. Showing probability consistency is almost trivial as any P ∈ P(X ) is self-conjugate,1388

therefore MMIF (P ) = 0.1389

Axiom A5. Recall F12 is defined as1390

F12 := {f ∈ Cb(X ) | f(x1, x2) = f1(x1) + f2(x2) for some f1 ∈ Cb(X1), f2 ∈ Cb(X2)}
also that for axiom A5 we are working with 2-monotonic lower probabilities P , meaning for any1391

event A,B ∈ ΣX ,1392

P (A ∪B) + P (A ∩B) ≥ P (A) + P (B). (4)
Now with Troffaes and De Cooman [19, Proposition C.7] we know that for 2-monotone capacities,1393

the Choquet integral is super-additive, meaning, for f ∈ F121394

c

∫
fdP = c

∫
(f1 + f2)dP ≥ c

∫
f1dP + c

∫
f2dP = c

∫
f1dP 1 + c

∫
f2dP 2.

Notice the last equality holds because P ({f1 ≥ t}) = P ({{x1 ∈ X | f1(x1) ≥ t} × X2}) =1395

P 1({x1 ∈ X1 | f1(x1) ≥ t}). Similarly, we can show that for upper probabilities of 2-monotone1396

lower probabilities, they are 2-alternating, meaning that1397

c

∫
fdP = c

∫
(f1 + f2)dP ≤ c

∫
f1dP + c

∫
f2dP = c

∫
f1dP 1 + c

∫
f2dP 2

Now, combine the two results, we have,1398

MMIF12
(P )

= sup
f∈F12

{
c

∫
fdP − c

∫
fdP

}
≤ sup

f∈F12

{
c

∫
f1dP 1 + c

∫
f2dP 2 −

(
c

∫
f1dP 1 + c

∫
f2dP 2

)}
≤ sup

f∈F1

{
c

∫
fdP 1 − c

∫
fdP 1

}
+ sup

f∈F2

{
c

∫
fdP 2 − c

∫
fdP 2

}
= MMIF1

(P 1) +MMIF2
(P 2).
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Axiom A6. Now when P 1 and P 2 are strongly independent, then the credal set associated to P ,1399

denote as C, is related to the credal set associated to P 1 and P 2, denote as C1 and C2, as follows:1400

C1 := {P ∈ P(X ) | P = P1 · P2 for some P1 ∈ C1, P2 ∈ C2}.

To show that the uncertainty is additive when strong independence holds, we use the following1401

representation of the Choquet integral for 2-monotone lower probabilities,1402

c

∫
fdP = inf

P∈C

∫
fdP

and similarly for 2-alternating upper probabilities, we have

c

∫
fdP = sup

P∈C

∫
fdP.

Now we can show the result, starting with1403

MMIF12
(P )

= sup
f∈F12

{
c

∫
fdP − c

∫
fdP

}
(A)
= sup

f1∈F1,f2∈F2

{
sup
P∈C

∫
(f1 + f2)dP − inf

Q∈C

∫
(f1 + f2)dQ

}
(B)
= sup

f1∈F1,f2∈F2

{
sup

P1∈C1,P2∈C2

{∫
f1dP1 +

∫
f2dP2

}
− inf

Q1∈C1,Q2∈C2

{∫
f1dQ1 −

∫
f2dQ2

}}
= sup

f1∈F1,f2∈F2

{
sup

P1∈C1

∫
f1dP1 + sup

P2∈C2

∫
f2dP2 − inf

Q1∈C1

∫
f1dQ1 − inf

Q2∈C2

∫
f2dQ2

}
(C)
= sup

f1∈F1,f2∈F2

{
c

∫
f1dP1 + c

∫
f2dP2 − c

∫
f1dP1 − c

∫
f2dP2

}
= sup

f1∈F1

{
c

∫
f1dP1 − c

∫
f1dP1

}
+ sup

f2∈F2

{
c

∫
f2dP2 − c

∫
f2dP2

}
= MMIF1

(P 1) +MMIF2
(P 2).

In step (A), we used the fact that the Choquet integral of 2-monotone capacities is the lower envelope1404

of the set of expectations with respect to the credal set [142, Lemma 2]. In Step (B), we used the1405

fact that due to strong independence, every element in P ∈ C can be written as a product of some1406

P1 ∈ C1 and P2 ∈ C2 and the fact that Lebesgue integration is linear, and
∫
f1(x1)P (dx1, dx2) =1407 ∫

f1(x1)P1(dx1). Finally, in step (C), we used Lemma 24, which stated that marginals of a 2-1408

monotone capacity remain 2-monotone, therefore, we can write infP1∈C1

∫
f1dP1 back as a Choquet1409

integral.1410

B.13 Proof of Proposition 211411

Finally, to prove the result for the upper bound, we first recall an intermediate result from Montes1412

et al. [143, Proposition 8], which provides a construction for the best pessimistic ϵ-contamination1413

set approximation to any lower probability P ∈ P(X ). Understanding this proposition requires1414

clarifying the concept of dominance and outer approximation.1415

Definition 25 (Outer approximation). Let X be finite and Q,P ∈ P(X ) two lower probabilities. We1416

say Q is an outer approximation of P if for every event A ∈ 2X , Q(A) ≤ P (A).1417

The direction of the inequality might be confusing at first, but by realising Q(A) ≤ P (A) for every
event A ∈ 2X , it means the core of Q, i.e.

M(Q) = {Q ∈ P(X ) : Q(A) ≥ Q(A) ∀A ∈ 2X },

is at least as large as the core of P , i.e. M(P ) ⊆ M(Q).1418
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Definition 26 (Undominated outer approximation in C⋆(X )). Let P ∈ P(X ) be a lower probability.1419

Let C⋆(X ) ⊆ P(X ) be a subspace of which the outer approximation Q resides. We say Q is an1420

undominated outer approximation of P in C⋆(X ) if there exists no other lower probabilities Q′ in1421

C⋆(X ) such that M(P ) ⊆ M(Q′) ⊊ M(Q).1422

Now we have all the language to understand the result from Montes et al. [143]. Let Cϵ(X )) denote1423

the space of all ϵ-contamination models defined on X .1424

Proposition 27. Let P ∈ P(X ) be a lower probability. Define ϵ ∈ (0, 1) and the probability P0 by:1425

ϵ = 1−
∑
x∈X

P ({x}), P0({x}) =
P ({x})∑

x∈X P ({x})
, for every x ∈ X .

Denote by P ϵ the ϵ-contaminated model constructed following Lemma 15. Then, P ϵ is the unique1426

undominated outer approximation of P in Cϵ(X ).1427

With this result, we can now derive the upper bound for MMIFTV
(P ).1428

Proposition 21. Let X be finite. For any P ∈ P(X ), MMIFTV
(P ) ≤ 1−

∑
x∈X P ({x}).1429

Proof. We know for any P , P ϵ constructed as in Proposition 27, is the unique undominated outer1430

approximation of P ∈ Cϵ(X ). Since it is an outer approximation, meaning that P ϵ(A) ≤ P (A) for1431

all events A ∈ 2X , therefore by the monotonicity axiom (Axiom 3) in theorem 20, we know for any1432

F ⊆ Cb(X ), we have1433

MMIF (P ) ≤ MMIF (P ϵ).

Now choose F = FTV as in Definition 13, then along with Proposition 19, we have1434

MMIFTV
(P ) ≤ MMIFTV

(P ϵ)

= ϵ.

= 1−
∑
x∈X

P ({x}).

This concludes the derivation.1435

C Further experimental details1436

C.1 Ablation study: Correlation with Generalised Hartley and Entropy Difference.1437

In the main text, we observed that the performance of MMI, its linear-time upper bound MMI-Lin,1438

and the generalised Hartley measure are nearly equivalent in the context of selective classification.1439

This raises the question: are they numerically equivalent? That is, is generalised Hartley and MMI1440

using the total variation function space, i.e. lower TV, providing the same value? While staring at1441

the equations tells us they are not equivalent, our ablation study suggests that even though they are1442

highly correlated, they are not the same.1443

To investigate that, we use the UCI wine dataset [145], perform one round of train-test split, train 101444

random forests models as described in the main text to construct the lower probabilities, and then1445

compute the epistemic uncertainty measurements for the test data. After that, we plot all possible1446

pairwise comparison plots between the methods, i.e.MMI, MMI-Lin, Generalised Hartley, and1447

Entropy difference. We see that MMI and GH are highly correlated but not exactly perfectly correlated.1448

The upper bound is also highly correlated, suggesting empirically (along with experiments in the1449

main text), that this approximation is quite tight. Also, we see that MMI and entropy differences do1450

not correlate that well, which explains the difference in downstream performance in the experiments.1451

C.2 Overview of Generalised Hartley measures and Entropy Differences1452

We refer the reader to the recent survey by Hoarau et al. [120] on this topic. We hereby provide1453

background on the two methods we compared against in the main text.1454
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Figure 3: Comparing the UQ measurements on the withheld test set of the UCI wine dataset [145].
We see that MMI and GH are highly correlated, but not exactly perfectly correlated. The upper
bound is also highly correlated, suggesting empirically (along with experiments in the main text),
that this approximation is quite tight. Finally, we see that MMI and entropy differences do not
correlate that well.

Generalised Hartley Measure. Generalised Hartley measure, as the name suggests, is a generali-1455

sation of the classical Hartley measure, which is defined as follows:1456

Definition 28 (Hartley Measure). Let X be finite. A Hartley measure UH is a function 2X 7→ R such1457

that UH(A) = log2 |A| for A ∈ 2X .1458

The Hartley measure can thus be understood as a measure of uncertainty over sets, which can also1459

be viewed as a function on natural numbers. While the expression is simple, Rényi showed that the1460

Hartley measure is the only function mapping natural numbers to the reals that satisfies:1461

1. UH(mn) = UH(m) + UH(n) (additivity)1462

2. UH(m) ≥ UH(m+ 1) (monotonicity)1463

3. UH(2) = 1 (normalisation)1464

These are natural conditions for measuring the amount of uncertainty, or equivalently, information,1465

within a set. The generalised Hartley measure extends this idea of measuring uncertainty in sets in1466

the following way,1467

Definition 29 (Generalised Hartley [91]). Let X be finite. Given a lower probability P ∈ P(X ), the1468

generalised Hartley UGH maps P to R as follows:1469

UGH(P ) =
∑
A⊆X

mP (A) log2(|A|),

where the mass function mP : 2X → [0, 1] is the Möbius inverse of P , defined as,1470

mP (A) =
∑
B⊆A

(−1)(|A|−|B|)P (B).

It is well known that the Möbius inverse is an equivalent representation of a lower probability, in the1471

sense that, once the mass function is known, we can recover P by computing,1472

P (A) =
∑
B⊆A

m(B).
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Entropy Differences. To measure aleatoric uncertainty for a given distribution P , the Shannon1473

entropy is an intuitive solution. The Shannon entropy, or simply entropy, measures the amount of1474

information contained or provided by a source of information.1475

Definition 30 (Shannon Entropy). Let X be finite. The Shannon entropy of a distribution P is1476

measured by1477

USh(P ) = −
∑
x∈X

P ({x}) log2(P ({x}).

Now, when given a set of probabilities, i.e. a credal set, to measure the amount of epistemic uncertainty,1478

or in some literature, they call this non-specificity, one natural approach would be to measure the1479

largest difference between the entropies of any two distributions within the set. Formalised below,1480

Definition 31 (Entropy Difference). Let X be finite and C a credal set. The entropy difference is1481

measured by,1482

max
P∈C

USh(P )−min
Q∈C

USh(Q).

This measure seems intuitive, but violates the monotonicity axioms that a sensible credal UQ measure1483

should satisfy. Consider a credal set C and P1, P2 the distributions that attained the maximum and1484

minimum of the entropies of the distributions in C. Now, enlarge C to C′ by adding distributions that1485

have strictly less entropy than P1 but more entropy than P2, then we have C ⊂ C′, but the entropy1486

differences will stay the same. This violates the monotonicity axioms that say, when a credal set is1487

strictly larger than the other, then the former should be deemed more epistemically uncertain than the1488

latter.1489

Nonetheless, the entropy difference is still often used in practice as it is simple to compute, and it1490

can be used to decompose ’total uncertainty’ into ’aleatoric’ and ’epistemic’ components. See for1491

example in Abellán et al. [97], the author defined,1492

max
P∈C

USh(P )︸ ︷︷ ︸
Total Uncertainty

= min
Q∈C

USh(Q)︸ ︷︷ ︸
Aleatoric Uncertainty

+max
P∈C

USh(P )−min
Q∈C

USh(Q)︸ ︷︷ ︸
Epistemic Uncertainty

.

C.3 Implementation details1493

We provide full experimental details here, which were abbreviated in Section 6 due to space constraints.1494

The experiments were executed on a machine with 8 vCPUs, 30 GB memory, with a NVIDIA V1001495

GPU.1496

We evaluate the performance of Maximum Mean Imprecision using a selective classification task,1497

following the setup in Shaker and Hüllermeier [54] and Shaker and Hüllermeier [77]. Each dataset is1498

split into training and test sets. For tabular datasets (the Obesity dataset from UCI and Digits dataset1499

from Sci-kit learn), we train 10 random forests with randomly chosen hyperparameters (e.g., tree1500

depth) on the same training set, and evaluate them on the test set. For image datasets (CIFAR10 and1501

CIFAR100), we use 10 pretrained neural networks per task, available at https://github.com/1502

chenyaofo/pytorch-cifar-models. These models were trained using PyTorch’s default CIFAR1503

training sets, and we evaluate the standard CIFAR test sets by dividing them into 10 buckets to1504

introduce variability.1505

For both tabular and image data, we use the centroid of the credal set as the predictor, similar to1506

standard ensemble methods. The corresponding lower probability is computed by evaluating the most1507

pessimistic likelihood across the set of predictions for each possible outcome.1508

D IIPM with epsilon-contamination set1509

In this section of the appendix, we continue from Section 3 and dive deeper into the connections1510

between IIPM and the epsilon contamination model—a popular class of imprecise models.1511
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D.1 Lower Probability Kantorovich Problem1512

In this subsection, we provide the background on a recently considered problem called the lower1513

probability Kantorovich problem, proposed in Caprio [53]. We start by reviewing what a classical1514

Kantorovich problem is.1515

Classical Kantorovich problem. Let P,Q ∈ P(X ) be two probability measures on X . Let1516

c : X ×X → R+ be a measurable cost function that gives us the cost of moving on unit of probability1517

mass from the first argument to the other. Then the classical Kantorovich problem is the following1518

optimisation problem,1519

arg infα∈Γ(P,Q)

{∫
c(x, z)dα(x, z)

}
where Γ(P,Q) is the set of all joint probability measures whose marginals are P and Q. α is also1520

denote as the transportation plan, and this is also famously known as the optimal transport problem.1521

Lower Probability Kantorovich problem. Caprio [53] consider the following research question,1522

What does Kanotorovich’s problem look like, when instead of transporting probability measures, we1523

transport lower probabilities?1524

As his answer, Caprio [53] provided the following characterisation of the problem,1525

Definition 32 (Lower Probability Kantorovich’s OT problem; LPK). Let c : X × X → R+ be a1526

Borel measurable cost function. Given lower probabilities P and Q on X , we want to find the joint1527

lower probability alpha on X × X that solves the following optimisation problem1528

arg infα∈Γ(P,Q)

{∫
X×X

c(x, z)dα(x, z)

}
,

where Γ(P ,Q) is the collection of all joint lower probabilities on X × X whose marginals on X are1529

P and Q, respectively.1530

While this might seem like a straightforward extension from the classical formulation, it is important1531

to note that for imprecise probability theory, there is no unique way to perform conditioning, which1532

means extra care has to be taken into defining Γ(P ,Q).In particular, they focus on a subset of the1533

joint lower probabilities constructed from using geometric conditioning, and called the corresponding1534

LPK problem restricted to such conditioning set the restricted LPK problem.1535

Later on in Theorem 11 of [53], they managed to show that the restricted LPK problem coincides1536

exactly with the classical Kantorovich for epsilon-contaminated sets. We managed to recover this1537

result in our Theorem 16 without needing to consider any specific type of conditioning. In the future,1538

we will investigate how could our result complements to their theory, perhaps allow them to consider1539

other types of conditioning operations in IP.1540

D.2 Nonparametric Estimator of IIPM with ϵ-contamination set using kernel distance.1541

Now consider ϵ, δ ∈ (0, 1) two contamination levels, and distributions P,Q ∈ P(X ) which we have1542

i.i.d samples from. Specifically, let X1, . . . , Xn
iid∼ P and Z1, . . . , Zm

iid∼ Q be random variables1543

taking values in X . We are interested in quantifying the difference between the ϵ-contaminated model1544

of P , i.e. P ϵ, with respect to the δ-contaminated model Q, i.e. Q
δ
.1545

A short overview of kernel distances (MMD). For generic spaces X , with iid samples from1546

P and Q, a popular class of non-parametric discrepancy estimator is the maximum mean discrep-1547

ancy (MMD) [64, 68]. Specifically, pick a kernel function k : X × X → R and consider the uniform1548

ball in the corresponding reproducing kernel Hilbert space (RKHS), i.e. Fk = {f ∈ Hk s.t. ∥f∥k =1549

1}, where ∥ · ∥k stands for the RKHS norm. The MMD can be expressed as an IPM with respect to1550
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function class Fk,1551

MMDk(P,Q) = IPMFk
(P,Q)

= sup
f∈Hk;∥f∥k=1

{∣∣∣∣∫ fdP −
∫

fdQ

∣∣∣∣}
(A)
= sup

f∈Hk;∥f∥k=1

{∣∣∣∣⟨f, ∫ k(X, ·)dP (X)⟩ − ⟨f,
∫

k(X, ·)dQ(X)⟩
∣∣∣∣}

= sup
f∈Hk;∥f∥k=1

{∣∣∣∣〈f, ∫ k(X, ·)dP (X)−
∫

k(X, ·)dQ(X)

〉∣∣∣∣}
(B)
=

∥∥∥∥∫ k(X, ·)dP (X)−
∫

k(X, ·)dQ(X)

∥∥∥∥
k

(C)
= ∥µP − µQ∥k

where in step (A) we first use the reproducing property of RKHS functions, (f(x) = ⟨f, k(x, ·)⟩),
and then use the linearity of the inner product to ‘push’ the expectation inside. In step (B) we use the
fact that inner product is maximised when the two vectors align, so we pick the unit-norm function to
be

f =

∫
f(k(X, ·)dP (X)−

∫
k(X, ·)dQ(X)

∥
∫
f(k(X, ·)dP (X)−

∫
k(X, ·)dQ(X)∥

.

Finally, in step (C), we simply write the (Bochner) integral of the feature representation into a more1552

familiar-looking expression, called the kernel mean embedding [146, 147]. This simple expression1553

facilitates further simplification, i.e.1554

MMDk(P,Q)2 = ∥µP − µQ∥2k
= ⟨µP − µQ, µP − µQ⟩
(D)
= EX,X′∼P [k(X,X ′)]− 2EX∼P,Z∼Q[k(X,Z)] + EZ,Z′∼Q[k(Z,Z

′)].

Meaning that we don’t need a parametric assumption on how the data is distributed, as long as we1555

have a way to define similarity between instances through a kernel function, we can estimate the1556

difference between the distributions based on their samples by estimating the expectations in step1557

D. Furthermore, for a wide class of kernels, known as charactersitic kernels, the mapping from1558

P 7→
∫
k(X, ·)dP (X) is injective, thus MMDk is a proper metric between probability distributions.1559

Owing to its simplicity, kernel mean embeddings and MMDs have been used to tackle a broad range1560

of statistical tasks, ranging from hypothesis testing [68] to parameter estimation [148, 149], causal1561

inference [150, 151], feature attribution [152, 43], and learning on distributions [153, 154].1562

Generalising to contamination sets. In general, given a lower probability P , the notion of samples1563

from P is ill-defined as lower probability often is used to encode subjective assessment rather than1564

describing the data-generating process. As such, devising a sample-based estimator for the Choquet1565

integral, akin to Monte Carlo estimation for the Lebesgue integral, is not yet possible. Nonetheless,1566

in the case of utilising lower probability constructed through an epsilon contamination model, this is1567

possible.1568

Recall ϵ, δ ∈ (0, 1) are two contamination level, with P ϵ and Q
δ

the corresponding contaminated1569

models. We are now interested in quantifying the difference between this two lower probabilities using1570

the IIPM framework through the kernel distances. As before, pick Fk = {f ∈ Hk s.t. ∥f∥k = 1},1571

then we have1572

IIPMFk
(P ϵ, Qδ

) = sup
f∈Hk;∥f∥k=1

{∣∣∣∣ c∫ fdP ϵ − c

∫
fdQ

δ

∣∣∣∣}
(i)
= sup

f∈Hk;∥f∥k=1

{∣∣∣∣∣
∫ f

f

(
P ϵ({f > t})−Q

δ
({f > t})

)
dt

∣∣∣∣∣
}

(ii)
= sup

f∈Hk;∥f∥k=1

{∣∣∣∣(1− ϵ)

∫
fdP − (1− δ)

∫
fdQ

∣∣∣∣}
(iii)
= ∥(1− ϵ)µP − (1− δ)µQ∥k
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where in step (i) we simply expand our the definition of Choquet integral. In step (ii), we follow1573

Lemma 15 and the proof of Theorem 16 to express the Choquet integral now as a weighted Lebesgue1574

integral. In step (iii), we follow the derivations of standard MMD provided in the previous paragraph.1575

Subsequently, the square of IIPMFk
(P ϵ, Qδ

) can be expressed as,1576

IIPMFk
(P ϵ, Qδ

) = (1− ϵ)2EX,X′∼P [k(X,X ′)]

− 2(1− ϵ)(1− δ)EX∼P,Z∼Q[k(X,Z)] + (1− δ)2EZ,Z′∼Q[k(Z,Z
′)].

This allows us to then construct a non-parametric (unbiased) estimator of (the square of1577

)IIPMFk
(P ϵ, Qδ

) as follows,1578

̂IIPM2
Fk

(P ϵ, Qδ
) = (1− ϵ)2

1

n(n− 1)

n∑
i=1

n∑
j=1,j ̸=i

k(Xi, Xj)

− 2(1− ϵ)(1− δ)
1

nm

n∑
i=1

m∑
j=1

k(Xi, Zj) + (1− δ)2
m∑
i=1

m∑
j=1,j ̸=i

k(Zi, Zj)

Due to project scope, we did not further investigate the concrete applications of such a non-parametric1579

worst-case probability discrepancy estimator, but in future work, we will explore its use case in robust1580

two-sample testing, akin to Schrab and Kim [155], or in generative model training, akin to Li et al.1581

[128].1582
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